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HepaseHctso MeHceHa

iTI
M
~

EAEI, E.EOPERTAxEE

CKYCCTBOM JIOKA3DLIBATDH
HEPaBEHCTBA OBJIAJIETh JaJie-
Ko He npocto. Tyt Tpebyercs
6OJIBIION OTIBIT, UHTYUIUS, W, KaK B
Kayk/[OM MCKYCCTBE, YMEHHEe CBOOOIHO
[IPUMEHSITH Pa3JINYHbIE «TEXHIUECKIE>
mpueMbl. M bl IPOJIEMOHCTPUPYEM OJIMH
U3 TAKUX IPUEMOB Ha Psijie IPUMEPOB.
B aroii ctarbe 6yayT JOKA3aHbI U KJac-
cuueckne HepaBenctBa (Komum,
Koum — bynsakosckoro, [énpaepa u
MUHKOBCKOT0), 1 MeHee 3HaMEeHUTbIE,
HO TaKsKe BECbMa MHTEPECHBIE.
Mbl Gynem 3anucbiBaTh (HOPMY.JIbl,
KaK MPaBUJIO, KOPOTKO, C MOMOIIBIO
00603HaYEHU I

n

Zak za ta,+..+a,
=

n

|_| a, =a, 0.,

k=1
CoBeryeM TeM, KTO ellle He HAYIUJICS
MU TTOJb30BaTbCA, PaCHUCbIBATH BbI-
KJIaaKu 6oJiee ToapoGHO.

Bbli nyKJyblé MHOXXeCTBa

B ocnose fokasarebCTB HEPABEHCTB,
0 KOTOPBIX OyIeT WIATH pPeYb, JEKUT
MIOHSITHE BBIITYKJIOCTH. ITO OUEHDb BaXK-
HOe MaTeMaThyecKoe MOHsSITUE, U Bbl C
HUM YK€ BCTPEYAIUCh B IIKOJBHOM
Kypce TeOMeTPHH P U3YYCHUU MHO-
royroabHuKOB. OHAKO B MaTeMaTHKe
MIOHSITUE BBIITYKJIOCTH CBSI3aHO HE TOJIb-
KO ¢ MHOTOyroJsibHUKaMu. Durypy Ha-
3BIBAIOT BBIMTYKJIOW, €CIM C JIOOBIMU

aOnyéﬂwcoeauo 6 «Keanme» No4 3a 1990
200.

a) 0)

Puc.1

b

JIByMsI CBOMIMU TOYKAMU OHA COJIEPKUT
BECh OTPE30K C KOHI[AMH B 3TUX TOY-
kax. Ha pucynke 1 mokasanbl npume-
PBI BBIMYKJIBIX ¥ HEBBIMYKJIBIX DUTYP.
Bormykabie purypsl 06J1a1a10T MHOTU-
MU 3aMeYaTeJbHbIMU CBOWCTBAMU, HO
Hac 6y/IeT MTHTEePECOBaTH JIMIID OJTHO U3
aux. Chopmyaupyem ero:

ITycmv 6 mouxax A, A,, ..., A,
sunyK.0U huzypovr D cocpedomouenvl
Maccol m,, m,, ..., m, COOMEEMCMBEH-
no. Tozda uenmp macc Imux mouex
marxxe npunaoaexum guzype .

N3 ¢dusukm m3BeCTHO, YTO IEHTP
MaccC TIOCKON (PUTYPBI — 3TO TOYKA C
KOOp/INHATAMU

n n

Z m;x; Z my;

i=1 .=
: n ’ : n ’ (1)

Snoym

i=1 i=1

rae X Y; — KOOpJZIMHATbl TOYKH Ai .

YupaxxkHenust

1. [lokaskure, 9YTO IEHTP Macc [ABYX
TOYEK JIEKUT Ha OTPe3Ke, MX COeHHSIO-
HeM.

2. JlokaskuTe, YTO MEHTP MACC 7 TOYEK
JIEXKUT HA OTPE3Ke, COEAUHSIONEM JT06YI0
13 HUX C MEHTPOM MaCC OCTaJIbHBIX.

Bbinykinble pyHKUUN

Hapucyem rpacduk dynkimmu y = x>
(puc.2,a).

Mbl BuguM, 4TO HaArpaduK 3TOM
dyukuuu (Ha pUCyHKe OH 3aKpaiieH
KPACHBIM I[BETOM) SIBJISIETCSI BBITTYK-
Joii purypoii. Ecim ke paccMoTpeThb
$ynxumo y = sinx (x O[0; M), 10 ce

naarpaduk (Ha pucys-
Ke 2,6 OH 3aKpalleH
KPACHBIM 1IBETOM) BbI-

a) N

HYKJIBIM He siBJisieTcst. OIHAKO BBIITYK-
JIBIM SIBJISIETCS TToATpaduK 1ol HyHK-
1mu (Ha TOM JKe PUCYHKE OH 3aKpAalIeH
CHUHUM TIBETOM).

ITi HAOMIO/IEHUS TIPUBOAST K BasK-
HOMY OIIpe/IeIEHUIO:

Ecau naoepagpux pynxyuu seasem-
csl BUINYKIOU huzypoil, mo z080psim,
4o ama PYHKUUs bINYKAAL, d eCau
BUINYKILIM SBIAEMCSE NOOZPAPUK, TO
zo6opam, umo pynxuus eoznymas .

Tem campiM, PpyHKIUA y = X% ABJIS-
eTcsl BBIYKJION, a QYHKIMS ¥ = sin x

(x O[0; 7)) — BormyTOii.

OcHoBHOe HepaBeHCTBO

Cpean M3BECTHBIX KJIACCHIECKUX He-
PaBEHCTB 0cO60e MECTO 3aHHMaeT He-
pasenctso Mencena 2 . Bee knaccuyec-
KIle HePaBEHCTBA, YIIOMAHYTbIE B Haua-
Jie CTaThi, SABJSIOTCS €T0 CJeICTBUEM.

Teopema (nepasenctso Merncena).
Hycmo y = f(x) — pynxyus, svinyx-
Jdsi HA HEKOMOpPOM unmepedie, X,
Xy weer X, — NPOUIBOLLHBIC UUCIA U3
amoz0 unmepsarda, a o, o,, ..., A,
— NPOUSEONLHBLE NOJOKUNEILHBLE UUC-
Ad, CYMMA KOMOPLLX PAGHA eOUHUE.
Toz0a

flax, +..+a,x,)<

<a,f(x)+...+a,f(x,). ()

[okazareanctBo. PaccMorpuM Ha
rpaduxe yukimn y = f(x) Touku A, ,
A,, ..., A c abcuuccaMn x,, x,, ...
ey X,. Pacronoxum B 9TUX TOYKAX
TPY3Bl C MacCaMh M, My, ..., M, .

B HEKOMOPLIX YueGHUKAX NPUHAMA OpY-
2as mepMuHozlozuﬂ.

2 Hencen Hoeann Jhodeuz (1859 —1925)
— damckuil mamemamux.

6)

Puc.2

v
14



\y’

m1f(x1)+' . '+mnf(‘xn)
myt...tm,

f(m1x1+...+m,,x,l )
myt...tm

n
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A3

Puc.3

HeHTp MacCC 3TUX TOUYEK UMEET KOOP/An-
HaTbhI

mx, +...+ m,x, .

m +...+m,
m1f(x1)+...+mnf(xn)
m, +...+m,
Tak Kak TOUKHU A1, AZ, . An [IpUHAI-

JieXXaT HaATpaduKy BBITYKJIONH (yHK-
I[VM, TO U UX IIEHTP MACC TaKXKe IIpH-
najesxxut Hagarpaduxky (u6o Haarpa-
dux — Bemykmas durypa). A 910
03HAYAET, YTO OP/MHATA IIEHTPA MaCC

t + rd
X3 mxt.tmx, X,y X, X

myt...tm,

M ne MeHbllle OpJUHATLl TOYKM Ha
rpaduke ¢ Toii ke aberuccoti (puc.3),
T.e.

p mxy tetm,

m, +..+m,

g mf(x,)+...+m,f(x,) 3

m +...+m,

ﬂJI}I 3aBeplIeHnA AJ0Ka3aTeJbCTBa OC-
TaeTCA IIOJIOKUTD 77’11 = C(1, ceey mn =
=a n'

JToT IIYHKT CTaTb1 MbI XOTUM 3aKOH-
YUTb ABYMSA BaKHbIMU 3aM€YaHUAMMU.

Bo-niepBbix, B mpoiiecce 0Ka3areib-

crBa HepaBeHcTBa Mencena (2) Mol

Jokaszanu Hepasenctso (3). Ha camom

JieJle 9TH HepaBeHCTBA PaBHOCUJIBHBIL.

Ionoxus B HepasenctBe (2) o, =
m1 .

m ot (i=1,2, .. n), Mol
nosnydaeM HepaseHnctso (3). Ilostomy
€CTeCTBEHHO 06a 3TH HepaBeHCTBa Ha3bl-
BaTh HepasBeHcTBaMu Mencena. Hepa-
BeHCTBO (2) BBIT/IAAUT G0JIee KOMITAKT-
HO, OIHAKO JIIA TIPUJIOKEHNUH y106Hee
noJb3oBaThesl HepasenctsoM (3). Bo-
BTOpBIX, ecan QyHKius f(x) Borxy-
Tas, TO /I Hee HepaBeHCTBa MeHcena
(2) u (3) MeHAOTCS Ha IPOTUBOIIO-
JoxkHbIe. UTOOBI I0Ka3aTh 9TO, MOCTa-
TOYHO PACCMOTPETH BBHIMYKAYIO (DYHK-

o —f(x).

HepaBeHcTBO
Kowwn—byHsiKOBCKOro

Ha niepswrii B3rJis/1, HepaBeHcTBO Men-
CeHa He MPOM3BOJUT 0COOOTO BIIEYAT-
JIEHUSI: CJTUIITKOM OOTI0 BBITJIAUT hOp-
MyaupoBka. [Ipountas cTaThio 10 KOH-
11a, Bl yOeIuTECh, YTO 3TO BIEUYaTJe-
Hue 06OMaHYUBO.

Vnnoctpaumsa M.CymHuHON



[IpomeMoHCTpUpYEM CHUTy HEPAaBEH-
ctBa Mencena Ha KOHKPETHOM TIpUMe-
pe. A UMeHHO, JOKaKeM 3HAMEHHTOe
HepaBeHcTBO Komu — ByHsakoBckoro

(af ..+ a)(of +..+b}) 2

2 (ab +...+ a”b”)z,

rae a,, d,, ..., a,, b, b,, ..., b —
TIPOU3BOJIbHBIE MOJOKUTETHHbBIE YNCIA.

JlokasareabcTBo. Kak MbI 3HaeM,
dbyurmus y = - BbITyKJIass. Hamu-
meM IS 9ToH (yHKINN HEPABEHCTBO

Uencena (3):
2
mx, +...+mx,

m, +..+m,

2 2
mx; +..+mx

n
. > .
mo+..+m, (m; > 0)

CefoBaTeIbHO,

2 2
(mpc1 +...+ mnxn)(m1 +...+m”) =

2
> (mx, +...+mx,) .

a;

b_ , IIOJIyYuM
i

Homoxus m, = bf, x; =
TpeGyeMoe HEPABEHCTBO.

Yuopaxnenne 3. /lokaxkure HepaBeH-
ctBo Komu — Bynakosckoro ang mpous-
BOJIbHBIX BEIIECTBEHHDbIX YHCET d;, b,

it

Mprmepbl BbINYKIbIX
byHKUUN
[l ycremHoro npuMeHeHHs Hepa-
BeHcTBa Vencena HeO6GX0UM MTPOCTOi
KPUTEPUHl, MO3BOJISIONIIH OTIPE/IETSTD,
SIBJISIETCS JTA JaHHAs! (PYHKIIUS BLIYK-
JI01.

Teopema. [Tycmo y = f(x) — deax-
Ovt  Jughpepenyupyemass PyHKUUs.
Ecau ee emopas npouseoouas nouo-
KumenvHa, mo PyHKuus evinyxad, d
ecau 8mopas npou3soOHas OMpuud-
menvHas, mo PYHKYUsL 602HYMA.

Mpbr He GyZeM aKKypaTHO JIOKa3bl-
BaTb ATy TEOPEMY, HOSICHUM TOJIBKO ee
reoMeTpuuyeckuit cmbica. IlycTb
f"(x) > 0 mst Beex x. OueBUIHO, UTO
HaJArpadUK OKaKeTCs BBITYKJIbIM, €CJIH
rpaduk QYHKIMM B KaXKJIOW TOYKE
«IIOBOPAYMBAET> BBEPX OTHOCUTEJIBHO
KacaTeJbHOW B 3TOH Touke. Ha sA3bIke
dopmy.1 o710 O3HAUAET, UTO ecJm [(x) —
JuHeltHas GyHKIM, rpaduK KOTOPOit
— KacaTesJbHas K rpaduxy GyHKIUN
f(x) B1ouxe (a, f(a)), 10 f(x) > I(x)
IIPU BCEX X, OCTATOYHO OIU3KUX K d U
OTJIMYHBIX OT d.

3 Ksant Ne 4

HEPABEHCTBO MEHCEHA

YT06bI BBIBECTH HEPABEHCTBO [ (x) >
> I(x) u3 wuepasenctBa f"(a) > 0,
PacCMOTPUM CJIEAYIONIYI0 CUTYAIIUIO.
Hycts g(x) — Taxkas ¢yHKImMs, 9TO
g(a)=g'(a) =0mu g"(a) > 0. Torna
IPH BCEX X, IOCTATOYHO GIU3KAX K d 1
oTm4HbIX 0T @, g(x) > 0. D10 MOHAT-
HO ¢ (PU3MUECKOIH TOUKH 3PEHUS: eCJIN
nokosiemycsi testy (ckopocts g'(a) =
= () IpuAaTh MOJIOKUTETHHOE YyCKOPe-
nue (yckopenne g"(a) > 0), To Teso
HAYHET TIEPEMENIATHCS B TOJOMKHUTETb-
HOM HalpaBJIeHUN.

PacemorpuM reneps GyHKImIo g(x) =
= f(x) — [(x). Hockoapky rpaduku
bynxmun f(x) u [(x) mpoxogsT depes
OJHY TOYKY W MMEIOT B Hell OAMHAKO-
BbIiT HakI0H, g(a) = g'(a) =0. Kpome
toro, ¢g"(x) = f"(x), Tak kax Bropas
IPON3BO/HAs THHETHOI pyHKimn [(x)
pasHa Hymo. 3naunt, ¢'(a) > 0 u,
COTJIACHO CKA3aHHOMY B MPE/BIIYIIEM
a6saue, g(x) > 0 mpu x, I0CTaTOYHO
6JMBKIX K @. DTO M 3HAUUT, 4TO f(x)>
> [(x). Cayuait f"(x) <0 paccmarpu-
BAETCS AHAJIOTHYHO.

ITonb3ysick TeopeMoil, MBI <«3ama-
ceMcsi» HECKOJIbKMMH BBITYKJIBIMH U
BOTHYTHIME (yHKIuAME. OT Bac IIpu
5TOM TpeGyeTcs yMeHHe BBIUHCJIATh
IIPOM3BOIHbIE.

IIpumepsi

1. y=x% (x > 0).

Tak kak y" =a(a -1)x* ", 10 MPH 0 <
<a <1 ¢yHKIWSA BOTHyTast, a Ipu a <0 u
o >1 — BbIIyKJas.

2.y=a'(a>0,az1).

Tak kak y" =a* In*a>0, 10 ynkums
BBIIIYKJIAsd.

3.y=log,x (x>0,a>0,az1).

Tax kak y" =-

5 , To ipu a < 1
x"Ina

(yHKIHS BBITyKTast, a 1pu @ > 1 — BOTHY-

Tasd. _
4. y = 111(1 +e’1).
Tak kax y" = 5 >0, 10912 PyHK-

x

(1+e")
1A BBITYKJIAd.

3. y=xlnx.
Tak kak y" =— >0, T0 (QYHKIUS BbI-
x
myKJias.

6. y=(1+x°)% (x> 0).

. 1y
" -2
Tak xax y" =(a-1)x" (1 +xu)° , TO
npu o <1 ¢yHKIUA BorHyTas, a mpu o >1
— BBIIIYKJIAA.

Tenepp MBI MOXKEM JIOKasaTb He-
CKOJIBKO KJIaCCHMYECKUX HEPaBEHCTB.

HepaBeHcTBO Kowun
0 cpeaHeM
apnpmeTnyecKomM n
cpeaHeM reomMmeTpuyeckom

X t...+tx
I T sl OO, (x> 0).
n n 1

Hoxa3zarteabctBo. IIposorapudpmn-
pyeM 00e 4acTi 9TOTO HepaBEeHCTBA!

In| —x +...+—x, |2
n n

2 —Inx, +...+=Inx,.
n n

[Tony4yenHoe HePaBEHCTBO HAIOMHHA-
eT HaM HepaBeHCTBO VeHceHa, 0J{HAKO
3HAK HEPABEHCTBA «CMOTPUT HE Ty[a» .
OO0bscHsiercst 9T0 TeM, 4TO (YHKIH
In x He BBIIyKJIad, a BoruyTas (1pu-
Mep 3).

HepaBeHcTBO Ménbaepa

HYCTB P, g — HOJIOKUTEJIbHbIE YNCJIA,

npuyeMm — +— =1. Torza
p
1 1
n n P n q
P q
z ab, < z a Z b;
i=1 i1 i1
(a;,b, >0).

Hoxa3zarteabcTBo. ScHo, uTo p > 1,
noaroMy GyHKIMA iy = x” — BBIMyKJ1ast
(mpumep 1). Hamuiem jiist 9704 GpyHK-
nuu HepaseHcTtBo Mencena (3):

P P
Zm,x; Zm;x;
< .

m, - Zm,

OTcoa
1

Pt 1
Tmx; < (Zmi) » (Zmixi”)”.

1 1 1
Tak kak —+—=1, 10 —

p 4 p q
MO3TOMY

1

Imx; < (Zmixf’ )%(Zmi )‘7.

1_
Honoxus renepb m, = b, x; = a,b;”?,
1noJy4yaeM TpebyeMoe HepaBeHCTBO.

HepaBeHcTBO MUHKOBCKOro

wa, 0T, +1fb, 0.0, <

sg/(@ +b,)0..0a, +b,)
(a,b, >0).

HokazareabctBo. Ilozenus o6e

4yacTH HepaBeHcTBa Ha %, Ll.[&, ,




I0

IOy YUM

1 1
N (T RS N
Cl1 an
1 1
b1 n b n
< |1+—| O.01+—=] .
611 an

SlcHo, uTo IPO6b —- WMEET CMbICJI KaK-
i
To o6o3Haunth. Ho Ha camom gere

y/:[06Hee BBeCTH 00O3HAYEHNE He JJIA

caMoil apo6u — , a jus ee Jorapud-
b,

Ma: x; = In—. Wrak, samenus —~ Ha
a a;

-
e, MbI 3aIHIIIeM Hallle HePABEHCTBO B
BuUjIE
1

T—x
1+e "

i

< r|(1+exf)%.

[Iposorapudmupyem obe 4acTu Moy-
YHBIIETOCS] HEPABEHCTBA!

1n(1 + ez%xi) < Z%ln(1 + exi).

B mocsiennemM HepaBeHCTBE MBI y3HAEM
HepaseHCTBO VeHceHa /1 BBIMYKJIOH

dbyHrunm y = 111(1 + ex) (mpumep 4).
Heckonbko npumepos

ncnosnb3oBaHUSA
HepaBeHcTBa MeHceHa

3agaya 1. Joxaxume nepasencmeo
Za;
a 1
Ma;j’ = [Z—aij (a, >0).
n

Pemenue. [Iponorapudmuposas 06e
YacTH HEPaBEHCTBA U pa3/e/nB Ha 7,
MOJTy UM

Zlai Ing; 2 (Zlaij lnzlai,
n n n

A 3ro — mepaBenctBo Mencena st
BbiyKJ0# pyuxunu y = xIlnx (upu-
Mep 5).

3agauva 2. /Jokaxume nepasencmeo

J(Ea,) +(3b,)" < 5a* + b

(a;,, b, >0).

Pemenune. Hanuimem HepaBeHCTBO
Hencena (3) a4 BoITYKI0M (PyHKIUK

y =1+ x2 (npumep (6)):

- Im1+ xf

2m.X. :
1+ L] <
Zm, Zm,

KBAHT: - 2000/No4

JloMHOKMB 00€ 4acTH HEPABEHCTBA HA
2m; , TOJIyIuM

\/(Zmi)2 +(Zmixi)2 < Im1+a =

= Z\)miz +(mixi)2 .

Octaercs TOJBKO TOJOKUTD m, = a,,
b

B 3axJroueHne paccMOTPUM JIOBOJIb-
HO TPYAHYIO 33/ady, KOTOPYIO TOXE
MOJKHO PEIITUTh IPH MOMOIIM HEPABEH-
crBa Mencena.

3agaya 3. [oxaxume nepasencmeo

p1 + pz + P3 +
Pyt Py Pstpy Pytps
5
+ p4 + pS > = (p >0)
pstp, pitp, 20

Pemenne. /(15 yno6cTBa BBemeM
JIOTIOJTHUTEIbHBIE TePEMEHHBIE Py U
p;, PaBHbBIE p, U P, COOTBETCTBEHHO.
Terepp gaHHOE HEPABEHCTBO MOKHO
3aIMcaTb KOPOTKO:

5

Pi

S
— >
i1 pi+1 +pi+2 2

Boinunrem nepasencrso Mencena (3)

JUIst BRI KJI0H (byHKImu y = — (npu-
x

Imx; B Zmixi_1
<
Zm, m;

mep 1):

Orciona cieayer, 4To

2
s My (zm,)

x; Imox;
[Tonosxxum Teneps m; = p;, X; = p,,, +
+ pi+2:
2
Pi S (Zpi)
Pia t Pisa zpi(pm + pi+2)

Tem CaMbIM, /JOCTAaTOYHO /10Ka3aTb HE-
PaBEHCTBO

(Zpi)2 22
Zpi(pm + pi+2) 2"

M36aBuBIuch OT 3HaMeHaTe el 1 pac-
KPbIB CKOOKH, NMPUXOUM K HEPABEH-
CTBY

2Api +ps+ps+pi+pl) 2
> PPt pps Y Pyt pps

T PoPs ¥ PPy T PoPs T P3Pyt
T PsPs T PiPs-

Tak kak npasas 4acTb paBHA
1

E((ﬂ Pyttt +p5)2 -
— (i + P} +p5 + i+ 02)),

TO HEPABEHCTBO MOKHO ITIepernucarb B
BUJIE

5(pi +p; 0y +pi 32
2
2(P1 tp, tpstpy +ps) :
33.HI/ICaB 9TO B BU/lE
(12 +12 +12 +12 +12)x
x (pf +p; +pi+pi +p3)2
2(10p, +10p, +10p, +10p, +10p;)

MBI OOHAPY’KMBAeM YACTHBIN cJydait
HepaBeHcTBa Komn — ByHsikoBckoro.

2
)

Yupaxknenus

IIOKa}KI/ITe HEpaBeHCTBa:

n P n
4. (le] <n'f"Zx{’npnp > 1,

x; > 0.

n

n n
.
3. Zaf DZbl.'j >0’ ab, | mpu
i=1 it

i=1

pz2,a,b, >0.

n al n
6. E > , TIe
s—a, n-1
i=1 !

s=a +ta, +...+a na >0,
1 2 n i

7. \/a+b +‘/b+c +‘/C+a 232 npu
b

c a
a, b, ¢c>0.

a+b b+c c+a
+ +

9 l:1 7ls l:1 n HPI/I
RARDAC
i=1 i=1
O<x <—.
f2
a b c
10. + + + 22 npu
b+c c¢c+d d+a a+b
a, b, c, d>0.
a b c
11. + + +
b+c c+d d+e
d e f
+ + + 23 npu a, b, c,

e+f f+a a+b

d, e [>0.



